In this paper, we introduce a bivariate Kantorovich variant of combination of Szász and Chlodowsky operators based on Charlier polynomials. Then, we study local approximation properties for these operators. Also, we estimate the approximation order in terms of Peetre's K-functional and partial moduli of continuity. Furthermore, we introduce the associated GBS-case (Generalized Boolean Sum) of these operators and study the degree of approximation by means of the Lipschitz class of Bögel continuous functions. Finally, we present some graphical examples to illustrate the rate of convergence of the operators under consideration.
Introduction
In [], Varma and Taşdelen constituted a link between orthogonal polynomials and positive linear operators. They considered Szász-type operators including Charlier polynomials. The generating functions for these Charlier polynomials are given by
where ( p n,k x a n f k n a n , where p n,k (
n-k ,  ≤ x ≤ a n , and (a n ) is a sequence of positive numbers with lim n→∞ a n = ∞ and lim n→∞ a n n = . There are many investigations devoted to the problem of approximating continuous functions by classical Bernstein-Chlodowsky polynomials and their generalization. for all n, m ∈ N , f ∈ C(I a n ) with I a n = {(x, y) :  ≤ x ≤ a n , y ≥ } and C(I a n ) = {f : I a n → R + is continuous}. The weighted approximation properties of bivariate modified Szász operators are studied in [-] . Note that the operator S a n,m is the tensorial product of x C n and In [] , the authors introduced a bivariate Kantorovich variant of the combination of Chlodowsky and Szász-type operators and studied local approximation properties of these operators. Also, they estimated the approximation order in terms of Peetre's K -functional and partial moduli of continuity.
The rest of the paper is as follows. In Section , we construct the bivariate ChlodowskySzász-Kantorovich-Charlier-type operators and the convergence of these operators given by means of Korovkin's theorem. Further, some graphical examples to illustrate the rate of convergence of the operators under consideration are presented. In Section , the order of approximation is obtained with help of the partial moduli and continuity and Peetre's K -functional. In Section , we study some convergence properties of these operators in weighted spaces with weighted norm on R  + by using the weighted Korovkin-type theorems. In the last section of the paper, we introduce the associated GBS-case (Generalized Boolean Sum) of these operators and study the degree of approximation by means of the Lipschitz class of Bögel continuous functions.
The construction of the operators
Our goal is to introduce a new bivariate operators associated with a combination of Kantorovich variant of the operators given by () as follows: For all n, m ∈ N and f ∈ C(I a n ), we define
where a > , and the sequences (a n ), (b m ), and (c m ) are defined as before and satisfy the following conditions:
(a n /n) =  and lim
For operators defined by (), we have f (x, s) ds.
Next, the degree of approximation of the operator C a n,m given by () will be established in the space of continuous function on the compact set
, denote the space of all real-valued continuous functions on I de , endowed with the norm f C(I de ) = sup (x,y)∈I de |f (x, y)|. In what follows, let e ij : I a n → R, 
Lemma . The following statements hold;
(i) C a n,m (e  ; x, y) = ; (ii) C a n,m (e  ; x, y) = x + a n n ; (iii) C a n,m (e  ; x, y) = 
Proof By Lemma . we have 
Again by Lemma . 
and C a n,m (e  ; x, y) = nc m a n n k=
Hence, for all (x, y) ∈ I a n and sufficiently large n, m, by Lemma ., Remark ., and condition () we can write
and C a n,m (e  -y)
where τ (a) and ω(a) are constants depending on a > . For (x, y) ∈ I de , by relations () and () we may write
where ρ(d) is a constant depending on d, and γ (a) is a constant depending on a > .
For f ∈ C(I de ) and δ > , the complete modulus of continuity for the function f (x, y) is defined by
and its partial modulus of continuity with respect to x and y is given by
For f ∈ C(I de ) and δ > , the Peetre's K -functional and the second modulus of smoothness are defined respectively as
and
It is known that ([], p.) there exists a positive constant, independent of δ and f , such that
To study the convergence of the sequence {C a n,m (f ; x, y)}, we shall use the following Korovkin-type theorem established by Volkov. the convergence of bivariate Chlodowsky-Szász-Kantorovich-Charlier-type operators C a n,m (f ; x, y) to the function f (x, y) = xe -x  y  e -y is illustrated in Figure (a) . In Table  , we have estimated the absolute difference between the operators C a n,m (f ; x, y) defined in () and the function f (x, y) = xe -x  y  e -y . Also, we have estimated the absolute difference between the opera-
It easily can be seen from Table  that the absolute 
Thus, the rate of convergence of the operators C a n,m to the function is faster compared to the operators defined in [] .
Example  Let us consider the function
, the convergence of bivariate Chlodowsky- Table 2 Error of approximation for C a n,m and S a n,m Figure 1 The convergence of the operators C a n;m (f ; x; y) to function f (x; y).
Szász-Kantorovich-Charlier-type operators C a n,m (f ; x, y) to the function f (x, y) is illustrated in Figure (b) .
Degree of approximation
Now, we obtain the rate of convergence of the approximation of the bivariate operators defined in () by means of modulus of continuity of functions.
Theorem . For any f ∈ C(I de ), we have the following inequalities:
,
Proof From () by using Lemma . and the definition of partial moduli of continuity of a function f (x, y) we can write
Then, by the Cauchy-Schwarz inequality we have
Finally, choosing δ n = δ n (x) and δ m = δ m (x), we reach the desired result for all (x, y) ∈ I de . To prove the second part of this theorem, we will use relations () and () and wellknown properties of the modulus of continuity. Thus, we have
Recalling the Cauchy-Schwarz inequality, we obtain 
where (t, s), (x, y) ∈ I de .
Proof Taking into account that f ∈ Lip L (f ; γ  , γ  ) and using the monotonicity and linearity of operators C a n,m (f ; x, y), we have
, applying the Hölder inequality, we get
which implies the desired result.
Theorem . Let f ∈ C  (I de ). Then, for every (x, y) ∈ I de , we have the inequality
Proof For a fixed point (x, y) ∈ I de and for f ∈ C  (I de ), we obtain
Applying the operator defined in () to both sides, we obtain Now, using the sup-norm on I de , we get
By using these inequalities we have
Now, applying the Hölder inequality, the equality C a n,m (; x, y) = , and Remark ., we get
Combining equations ()-(), we obtain
This completes the proof.
Theorem . Let f ∈ C(I de ). Consider the operatorŝ
Proof From () by Lemma . we haveĈ a n,m (; x, y) = ,Ĉ a n,m (u -x; x, y) = , and C a n,m (v -y; x, y) = . By Taylor's expansion for g ∈ C  (I de ), we may write
and applying the operatorsĈ a n,m (f ; x, y) to both sides of the equality and using Lemma ., we obtain
On the other hand, since
and, analogously,
we conclude that
Additionally, by () and () and Lemma . we have
Hence, in view of () and (), we have
Weighted approximation properties
Let R 
Now, we consider the positive linear operators K n,m defined by
where 
where
Since lim n,m→∞ ϕ n,m =  and lim n,m→∞ ψ n,m = , there exists a positive constant k such that ϕ n,m + ψ n,m < k for all natural numbers n and m. Hence, we have
. If we can show that the conditions of Theorem . are satisfied, then the proof of Theorem . is completed. Using Lemma ., we can obtain ()-(). Finally, using Lemma ., we get
and since lim n,m→∞ η n,m = , we obtain the desired result. and using Theorem ., we obtain the desired result. Now we compute the order of approximation of the operators C a n,m in terms of the weighted modulus of continuity (f ; δ n , δ m ) (see [] ) defined by
By the properties of weighted modulus of continuity (f ; δ n , δ m ) (see [] , p.) we have inequality
for sufficiently large n,m, where δ n = a n n and
Proof By the linearity and monotonicity of C a n,m applied to inequality () we obtain
Using the basic result obtained in []
we have
Hence, by conditions () and () we immediately have
, there exists a positive constant M, independent of n, m, such that the following inequality is satisfied:
For sufficiently large n, m, we obtain
Approximation in the space of Bögel continuous functions
In this section, we give a generalization of the operators defined in () for the B-continuous functions. First, we need to introduce a GBS operator related to bivariate ChlodowskySzasz-Kantorovich-Charlier-type operators and investigate some of its smoothness properties. Let I and J be compact real intervals, and A = I ×J. For any f : A → R and any (t, s), (x, y) ∈ A, let (t,s) f (x, y) be the bivariate mixed difference operators defined as
If f is B-continuous at any (x, y) ∈ A, then f is B-continuous on A. We denote by C b (A) = {f |f : A → R, f B-bounded on A}, the space of all B-continuous functions on A. A function f : A → R is called B-differentiable on (x, y) ∈ A if the following limit exists and is finite: To evaluate the approximation degree of a B-continuous function using linear positive operators, an important tool is the mixed modulus of continuity. Let f ∈ B b (I a n ).
The mixed modulus of continuity of f is the function We define the GBS operators of the C a n,m given by (), for any f ∈ C(I de ) and n, m ∈ N , by
for all (x, y) ∈ I de .
More precisely, for any f ∈ C(I de ), the GBS operator of Chlodowsky-Szász-Kantorovich- 
Proof By using the properties of ω B we obtain
for all (x, y), (t, s) ∈ I de and δ n , δ m > . Hence, from the monotonicity and linearity of the operators S a n,m (f (t, s); x, y), using the Cauchy-Schwarz inequality, we get from ()
Using inequalities () and (), we have
, from which the desired result is immediate by choosing δ n = (ρ(a)
In the following, the approximation of Lipschitz class of B-continuous functions. For  < γ ≤ , let
where r = (u, v), s = (x, y) ∈ I a n , and r -s = {(u -x)  + (v -y)  } / is the Euclidean norm, be the Lipschitz class of B-continuous functions. The next result gives the rate of convergence of the operator S a n,m (f (t, s); x, y) in terms of the Lipschitz class.
Proof Using the definition of the operators S a n,m (f (t, s); x, y), we can write
By the hypothesis we get , and η(a) = max(τ (a), ω(a)), we get the required result.
Conclussion
The purpose of this paper is to provide a better error estimation of convergence by modification of Szász operators. We have defined a Szasz-Kantorovich-Chlodowsky generalization of these modified operators by using Charlier polynomials. This type of modification enables better error estimation for a certain function in comparison to the Szász-Kantorovich-Chlodowsky operators and Szasz-Chlodowsky-type operators based on Charlier polynomials. We obtained some approximation results via the well-known Korovkin-type theorem. We have also calculated the rate of convergence of operators by means of Peetre's K-functional and partial moduli of continuity. Lastly, we discussed the degree of approximation for Bögel continuous and Bögel differentiable functions by means of the Lipschitz class and mixed modulus of smoothness.
